Prof. Doron Nof Fall 2000

OCP 5259

RINGS AND EDDIES AS HEAT EXCHANGE MECHANISM

Course Objectives

1. To provide a theoretical and observational background for the transfer of
heat and salt by eddies and rings

2. To introduce the student to new discoveries and new theories in dynamical
oceanography



A typical sturcture of the Gulf Stream and its rings. Note that there are typically
more cyclones (cold-core rings) than anticyclones (warm-core rings.
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Salinity contours of the Amazon (Dec 1964) showing an Amazonian
anticyclone.
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Topography of the 23°C isothermal surface (August 1986) in the Gulf of Mexico
showing a ring ready to separate from the current.
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A cross-section through a typical (Gulf Stream) warm-core ring.
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A cross-section through a typical (Gulf Stream) cold-core ring.



A map of the pathways and transports for NADW formation and renewal, adapted
and modified from the "coveyer" circulation of Gordon (1986) by Schmitz (1995).
Transport in circles in Sverdrups. As shown in detail in the following two figures,
the transport along two crucial points (the tip of Africa and the sub-equatorial
Atlantic) occurs via rings.



The establishment of (typical) Agulhas rings which play a crucial role in the path
of the water to the NADW formation site.
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North Brazil Current retroflection eddies (and associated surface drifter
tracks, 1979). As Agulhas rigs, these rings are important to the so-called
great global conveyer structure.
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Large-scale schematic diagram for North Brazil Current retroflection eddies and
their environment.
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1. Definition of Eddies and Rings

The term “eddies” is used with regard to a variety of situations in the ocean. For
instance, any perturbations on some mean flow are sometimes called “eddies.” In this
course we shall deal primarily with isolated eddies, which are defined here as features
which have closed streamlines. (By “closed streamlines” we mean that the fluid is
circulating within the feature as shown schematically below.) They are not necessarily

connected to any mean flow (although they may result from one).

They are, to some degree, analogous to hurricanes and tornadoes. For example, Gulf
Stream rings [see special Oceanus issue and Csanaday (1979) JGR paper], Agulhas rings
and North Brazil Current rings have closed streamlines. Note that the term “rings” is
usually used with regard to specific eddies, e.g., Gulf Stream or North Brazil Current

rings.

II. Why are eddies important?

(a) They are very energetic. Typical orbital speeds ~1-2 m sec™, relatively

large (~100 km) and deep (~500 m).



(b) They move in the ocean so that they carry properties from one region to
another.

(c) Aside from their energy, they carry anomalous properties such as salinity or
temperature. So, they are important to the heat and salt fluxes within the
ocean.

In the coming weeks we shall talk about the movements of the eddies. There are
three kinds of movements. One is the movement due to 3, the variation of the Coriolis
parameter with latitutde. The second, advection by some mean flow. The third, mutual
advection of adjacent eddies. We shall first discuss the movements due to 8. The first one

who recognized that vortices (eddies) must move due to 3 was Rossby (1948).

Homework #1:

Draw the path of a particle on a mid-latitude B-plane. Namely, consider a ball on a 3-
plane obeying,
du/dt—fv=0 where = f; + By
dv/dt+fu=0
Note that there is no analytical solution. Take the initial speeds to be due to the 8th

directions shown below,

(Ref. Cushman-Roisin 1982 GAFD.)



Note that a particle on a sloping bottom on an f-plane obeys,
du/dt +fpv=0
dv/dt =— fou — gS

which has the exact analytical solution

S
XZ—%Z(I — cos ft)

S )
Y= %z(ft—smft),

where X and Y are the positions of the particle at time t. This solution corresponds to a

trajectory with cusps as shown below,

III. General properties of eddies

Rossby (1948) recognized that on any circular streamline there should be a net
meridional force due to . To see this, note that if we take the orbital speed to be the
same for all points along the circle, the Coriolis force (red) is greater along the northern

part of the vortex.
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As a result, an anticyclone (cyclone) will move southward (northward) once B is “turned
on.” Rossby further concluded that, because of a combined Coriolis force acting on the
entire vortex, anticyclones (cyclones) will ultimately move westward (eastward). This is
nice but it is not very clear that it is really applicable because how do we know that the
velocity does not change as we go along a streamline. We don’t really know this so we
shall do a more careful analysis and show that actually on any closed circulation there is
a net force. Namely, as shown schematically in the figure below, even if the velocity is
not constant and even if the shape is not circular, there will be a northward (southward)

force on a cyclone (anticyclone).

/\ [ force

cyclone

cyclone




We shall also see that, although Rossby’s conclusion that anticyclones move westward is
correct, his conclusion that cyclones move eastward is incorrect. This is due to an
additional external force which he neglected. It will take us a while to
show this and we will need to work with the shallow water equations. So we will review

and derive them first.

IV. Shallow water equations

These will be used throughout the course. Talk about steady state and frictionless
fluid. Friction is not important because of the time scale. Namely, if we have an eddy

with a diameter L and depth D, then the time required for the penetration of friction to its

. L’ . : o D .
coreist~ O (V_Hj , Where vy is the horizontal eddy viscosity, or t ~ O (V—Zj , Where vy is

v

the vertical eddy diffusivity.

We can take L ~ 100 km and v ~ O(10°%cm® s™'), but some people will argue that 10°cm?

s is either too small or too big. We find,

1014
t~0 (15 | = 10" sec ~ [Tyears]

So we are o.k. if we talk about eddies which are, say, 6 months old. Actually, the three
years’ estimate is probably relatively small because there are indications that eddies

which do not collide with a boundary or another current may survive even for 5-10 years



without much decay. (Note that the vertical eddy diffusivity gives a much longer time

scale.)

The general momentum equations are,

%P 4.1)

uvy + vvy + wv, + 2Q sinf u = —

5
55 4.2)

1 0
uwy + vvy + ww, + 2ul cose+g=—3 5}22 . 4.3)

and the conservation of mass is

u+vy+w,=0, (4.4)

i.e., the fluid is incompressible and has a constant density p.

First make the hydrostatic approximation,

0
2 g (4.5)

This assumption is correct as long as two conditions are satisfied. First, we require,
fU<<g
which is always satisfied because

U~1msec! and f~10%sec™.

Second, we must also require:

\\Y
Uf<<g ,



which, in view of the continuity equation which implies,

v-olt).
gives,

U? ]E)z <«<g
or

U2
The term g_D is sometimes called the Froude number (Fr). In the ocean, D ~ O(10000 m)

and L ~ O(100,000 m) so we are o.k. Note, however, that in the lab we need to require Fr
<< 1 because D ~ O(L) [since in the ocean D << L, we are o.k. even if Fr ~ O(1)].
Next, we shall look at the fourth term in (4.1). We require that
2Q cosO w <<2Q sinf v,

which is usually o.k. but may not be correct near the equator.

With the above assumptions the governing equations reduce to:

_ 1op
uuy + vuy + wu, — fv =— o ox (4.6a)
_ 1op
uvy + vvy + wv, + fu=— o Oy (4.6b)
utvy+tw,=0. (4.6¢)

Next, integrate the hydrostatic pressure (4.5) in z to get,

p=-pgz+P(xy),

where P' is a function of x and y alone. Since



o _JP dp_oF
0x O0x > 0y Oy’

it follows that the right-hand side of (4.6ab) is a function of x and y alone. Therefore, the
left-hand side must also be a function of x,y alone; i.e., u # f(z), v # f(z). Hence, the
third terms on the left-hand side (wu, and wv,) can be neglected. Note that we could not
do this by scaling and that w is small but not zero.

Consider now a barotropic fluid with a free surface and flat bottom:

]

Ne -1 >

and note that, under these conditions, the pressure at z is,

P=pg(m+H-2) so that,

P'=gp(n +H).

Under the above hydrostatic conditions the equations are,

uuy + vuy — fv =—gny (4.7a)
uvy + vvy + fu=—gny (4.7b)
ux+vy+w,=0. (4.7¢)

Now, it is convenient to integrate the continuity equation from the bottom to the top.

H+n H+n H+n
I udz + J. vydz + J w,dz=0. (4.8)
0 0 0



Since u=u(x,y) and v = v(x,y), it follows that (4.8) can be written as,

H+nux+ H+n)vy + WDH+n —wly=0. 4.9)

Recall now the condition of no-normal flow through the free surface:

AZ

N

Voeu=0 ; o=h-z=0
ie., uex + vey + woe, =0
uh, + vhy —w =0
so that Wigp = ubx + vhy

and wp=0.

With these conditions the continuity equation (4.9) becomes,

huy + hvy + uh, + vhy =0

or

| (hu), + (hv),=0. | (4.10)

This completes the derivation of the shallow water equations (4.7a), (4.7b) and (4.10).

Note that, in the above case 1) is not necessarily small compared to H!



V. The stationarity condition

Consider an isolated patch on a 3 plane:

AN

TOP VIEW

&D T SIDE VIEW

We would like to find whether or not there is a net force acting on the patch. For this
case, we shall take n << H because from geostrophy,

100,000
n~ O (fUL/g) ~ 10* to—p  ~1m

whereas H~5000m.

This means that we can use the rigid lid approximation which implies that the full

continuity equation,
9 9
o [H+mu]+ 5 [Hrmv]=0

can be approximated by
uy+vy=0,
[because OH/0x =0 and n << H].
It is important to note that, with the rigid lid approximation, we neglect 1 in the

continuity equation but not in the pressure terms!



Then, we have
uuy + vuy — fv =—gny
uvy + vvy —fu=—-gn,

U+ vy=0.

Recall that, here, in the rigid-lid barotropic case both w and w, are taken to be zero.

To obtain the net meridional force or what we shall later call the “stationarity

condition,” integrate the momentum equation in the y direction over the patch:

(uvy + vvy) dxdydz + (fo + By) udxdydz=—¢ aul dxdydz .
J 11 JI1 TS
A\ \Y \Y

Since u = u(x,y) , v=v(x,y), (5.1) can be expressed as

H II (uvx + vvy) dxdy + H II (fo + By) udxdy = —gH I J. g—;l dxdydz .
S S S

Recall now that we can always write,
0
uvy + vvy + v(ug + vy) = 7x (W) + 37 (V ),

so that (5.2) becomes,

1 (B o I s [[ 2o

Next, recall Stokes’ theorem,

II (OM adexdy EPNdx%—Mdy

and define a streamfunction y such that
Yy=—Uu ; Yx=V.
With this definition, the continuity equation is automatically satisfied because

Uy T Vy = — WYy +yyy =0

(5.1)

(5.2)

(5.3)



Equation (5.3) now becomes,

- VAdx + o uvdy - [] 6+ By) wyaxdy =g . (5.4)
S

We now note that around the vortex there is no movement so that n = 0 along the
boundary. Also, the outermost line is a streamline so that along it udy = vdx. To see this,

note that

|<— dx ——>

0 0
dy = 5\)% dx + 5\5‘ dy =0 along a streamline

so that vdx = udy.

In view of these, (5.4) takes the form:
0
o waxp [ | 5 0w -] exay=o. (5.5
S

Since v is a constant along the boundary, (5.5) takes the form,

-B IJ a—ay(y\y) dxdy + B “. y dxdy =0 (5.6)
S S

or

Bffywdijjwdxdy:o (5.7)
S



Next, define y to be zero along the boundary so that (5.7) becomes the desired

stationarity condition:

B || wdxdy=0. (5.8)
S

Note that (5.8) is nothing more than an expression for the net southward force. To see

this, note that it can be traced to the integral of the differential southward Coriolis term

(fu). Hence, a patch cannot be stationary on a [ plane unless 3 J.I v dxdy = 0, implying
S

that the average value of y must be zero. For instance, a double cell feature can be
stationary. (We shall later refer to such a feature as a “Modon.”)

To derive the detailed solution of such a feature it will be necessary for us to use the
Bernoulli integral and the potential vorticity equation. This will be done in the next

section.



Homework #2

1.  Determine the stationarity condition for an isolated barotropic eddy resting on a

sloping bottom on an f plane.

AH = Sy > y

2. Suppose that on some non-spherical planet the Coriolis force is given by
f=1fy+yy" wherey = constant .
Discuss the expected behavior of a barotropic eddy due to the variation of the

Coriolis parameter with y. Assume that the eddy is located such that its center is at y = 0.

f=1f,+y?

V1. The Bernoulli integral and potential vorticity equation

Consider a steady barotropic fluid with a sloping bottom,



uu, +vuy —fv=—gn;y (6.1)

uvy +vvy Ffu=—-gmny (6.2)
0 0

% (hu) + 5 (hv)=0 (6.3)

To derive the Bernoulli, multiply (6.1) by uh and (6.2) by vh and add the equations thus

obtained,

V2hux + uhvuh — fvuh = — guhny
+

vhuv, + hv?vy + fvhu = — gvhn, .
Also use,

—uh=vy, ; vh=yy,
where the tilde (~) is used to distinguish the streamfunction from that related to the
constant depth case. It is easy to show that the above result can be written in terms of a

Jacobian:

2 2
TV ~ ~
J[\u s T +gn}=\vx (uuy + vuy + gny -y (uux + vuy + gny)

= vh (uuy + vvy + gny) + uh (uux + vvy + gny)



= vhuu, + v’hvy + vhgn, + u’hu* + uhvv, + uhdgn, = 0.

Namely,
2,2
~ u+tv
J[\u; 5 +gn}=0. (6.4)
which means,
2 2
u +v ~
5 Tgn=B() |, (6.5)

implying that the sum of (u” + v*)/2 + gn is constant along a streamline.

However, in general, the constant varies from one streamline to another. There
are two exceptions to this variation from one streamline to the other. The first is the case
of no vorticity (vx — uy = 0) and no rotation (f = 0) and the second is the so-called zero
potential vorticity case where vy —uy, + £= 0. In both of these cases the Bernoulli function
is uniform throughout the field. Why this is so will become apparent shortly.

Although not frequently used, the Bernoulli is a powerful tool because it does not
involve any derivatives. For example, a flow around a column (shown below) has a
stagnation point A where the water is uo’/2g higher than the water at x — —oo. With the
Bernoulli, there is no need to solve for the entire field in order to calculate the above

pressure difference.




In the case of a swimmer (shown below), the Bernoulli shows that the water level
difference between A and B increases with increasing swimming speed. Namely, the

faster the swimmer goes the less he/she needs to turn the head to the side to take a breath

of air.

water level difference i
due to Bernoulli

ol &
! B

Next, we would like to obtain the potential vorticity equation. To do so, take the

derivative of (6.5) with respect to y:

dB oy dB
uuy+VVy+gny:£ 5\}1,;@ (—uh) ,

and subtract it from the familiar momentum equation:

uvy +vvy +fu=—gny .

One finds,

B
u(vx—uy)+fu=uh% ,

which gives the potential vorticity equation in the form:

vy—u,+f dB ~
————=—"— =P(}). (6.6)

h Cdy

A i )
1s constant along a streamline.

As in (6.5), (6.6), it says that the quantity h

~. dB .
With the aid of the relationship P(\y) == we can now examine closely the cases
dy

where B is uniform. When both the relative vorticity and f are independently zero (i.e., v

—uy = 0 and = 0), the potential vorticity P is zero so B is a constant. Also, when the



relative vorticity cancels the planetary vorticity (i.e., vx—uy, + - 0), Pis zeroso Bis a

constant. This latter case is sometimes referred to as the zero potential vorticity case.

0 | Yy —0 |y )
Since vy = x (Hfl—j and u, = 8_y (Hé\‘j , the p.v. can also be written as:

0 |Vx| O |y -~
&(Hfl—j—l—g(%zj—l—f:hl)(w)

or

Note that both the p.v. and Bernoulli do not involve any approximations. Their power
results from their particular structure — the Bernoulli does not involve derivatives and
the potential vorticity contains the inertial (nonlinear) terms in a linear form.

This completes the derivation of the Bernoulli and the potential vorticity equation.

VII. Stationary modons

We shall now derive the detailed solution for a stationary modon,

Wy @

@

W,

which obeys, of course, the stationarity condition,
B+ o) dxdy=0. (7.1)

Assume that fluid is barotropic with a flat bottom,



n<<H

\j¢— T —>
<« > —>

and define the streamfunction

For this case the potential vorticity

Ve~ g+ £= (H+m) P()

reduces to the vorticity equation

| Py +f=Pl(y), (7.2)

where P' is a function of y. As mentioned, the power of the equation is that the nonlinear
terms are now expressed in a linear form.

Before proceeding, it is appropriate to recall the b.c. along a free streamline
(which should be distinguished from the b.c. along solid boundaries).

fluid at rest
(n=0)

/

"free” — solid L 0=
streamline —, = constant boundary —, /. W = constant
moving fluid moving fluid

governed by a governed by a
known differential equation known differential equation

Both situations require y to be a constant along the boundary. In the solid boundary case
this is a sufficient boundary condition. However, since the position of the free streamline
(left panel) is not known in advance (because it is “free” to move), a second b.c. is

required in this case. This second condition is that the pressure be constant along it. Via

1
Bernoulli, this gives that the quantity > (u? + v?) must be conserved along the line. This

second condition compensates for the fact that the position of the free streamline is not



known in advance but rather must be determined as a part of the problem (ref: Batchelor
1969, Garabedian 1964).

We shall restrict the boundary of our particular patch to be a circle which means
that, in general, we over-constrain the system. This implies that we need to free
something else such as the vorticity which constitutes the differential equation governing
the field.

We have, therefore,

D2y + f = P(y) 1

along the circular edge
n = const

Also, along the edge u” + v* = constant and P!, the vorticity, is not known a priori. As
mentioned, the latter compensates for the fact that we took the boundary to be given.

Now use polar coordinates
2 (1o 8 18
Sv=lrarer oot |V

and choose the general form of the vorticity to be

[ P(w)=fo— Ay

>

where A is to be determined.
We have then,

10 0 10 .
(;araﬁjzw)\p+fo+[3rs1n6=fo—h|1



or

10 0 10 .
(;araJr?ﬁ)qﬂrMu:—Brsme (7.3)

subject to the two boundary conditions:

y=0 ; r=R ; 0<06<2=n (7.4a)
0 (0
and %(5‘5):0 . r=R ;0<0<2n . (7.4b)

A particular solution satisfying the right-hand side of (7.3) is,

Wy, = — Pr sinb/A (7.5)

{Proof:

)b ] () (2

:%Q(MJ_F(%Sinej—Br sin@ = — Br sind . }

We now recall that the general solution is,

V=Y T Yy
and that
[%%(r%)%—;lz%}wﬁlﬁ-hm:ﬂ (7.6)
Assume that yy is separable, .1.e.,
yu =F(0) G(1) . (7.7)

Now substitute (7.7) into (7.6) to get,

H%(rgj+;lzi}FG+XFGzo



F o ( 0G)Y G&F
or ?6_( ar)+7892+kFG 0. (7.8)

2
Now multiply (7.8) by by Fr_G to get,

-0 (7.9)

rﬁ( 6G) 1 &°F g
Gorl\or JTFe2 T M

which, according to the separation of variables principle, can be written as,
r 0( oG —1 &°F
G@r( 8rj AL = F 202 7=C, (7.10)

where C is a constant. We shall shortly take C to be unity and see later that otherwise a

solution cannot exist. Equation (7.10) means that,

O°F
0% +FC=0
so that F = A sin C"?0 + B cos'?0 . (7.10a)
Also, (7.10) implies
r%(r%—?)Jerrz—CG:O. (7.11)
We now take C = 1 and define
f = 2

so that (7.11) becomes,

r 8 7\‘1/2( r aG

PR 2 o Xl/zj +G(r)Y-G=0

or r Gar'( %?)JrG[(r) ~1]=0. (7.12)

Equation (7.12) can also be written as,

d’G
(r)ZWer T +[(r1) ~-1]G=0, (7.13)

which is the Bessel equation function of O(1).

The solution of (7.13) is the Bessel function of the first kind and first order.



(_ 1 )K (I.|/2)2K+1

G=J ()= KI (K )]
K=0
or
o
G=Ji (") = (‘”;(ggli/zlﬁm : (7.14)

K=0
Combining (7.10a) and (7.14) we have,
wu = (A sin® + B cos0) J; (rA'?)
so that the total solution v is,
v = (A sind + B cos0) J; (rA"*) — B r sinb/A . (7.15)
We shall now deal with the boundary conditions.
The first b.c. is:
v=0; r=R; 0<0<2mn
which implies that
[A sin® + B cos] J; (RA"?) — PR sin0/A =0 .
To satisfy this we need,
B=0; A sinf J; (RAY?) = BR sin6/A
which gives,

r

AZ TR
Hence, we have,
R sinf r sin@
w=mh(rkm)—ﬁT. (7.16)

The second boundary condition is,



=R
Noting that,
R sinO sinf
\Ijr — m 7\«1/2 le (1‘7\,1/2) _%
we get,
__BRcos® .y, o1p, Bcosd
Vol =g, R0E) &N =T =0
which gives,
| RV RV =1, RV .| (7.17)
Now use the identity,

(R)\,l/z) Jf(R?\,l/z) — Jl(Rkl/z) _ (R}\’I/Z) Jz(RKI/z)

which, together with (7.17), gives,

| L [RA?]=0 .|

(7.18)

This is the desired solution for A.

J2 A

/\] | |

| | | 102
RA
5.15 8.45 11.6

RA\Y2 =515 .
J,R\*?) =0

It turns out that the first root gives a two-cell modon whereas the higher roots give a

higher number of cells.



Homework #3:

1.  Determine and plot the horizontal velocity components (u,v), the streamfunction
and the free surface elevation association with the Stern’s “modon” (hint: to

compute 1, use the Bernoulli).

2. Determine and plot the structure of the field when the second and third Bessel

function zeros of the Stern’s modon are considered.

At some point along our discussion of the “modon,” a question arose as to why

the integrated equations do not vanish for each cell.

A
C
Q N1
N
A 0 v B
X
)
AN N2
Yo
D

To see this recall,
uuy + vuy — fv =—gny

uvy + vvy + fu=—gn,



uct+vy=0,

and integrate the y momentum equaiton over the northern cell to get,

sl v dxdy =g mdx=g] mdsegl n .

A B
| — | —

through 0 through C

Since the second term on the right-hand side of (7.19) is zero we get,

BII\VldXd}’:gJ-BT]ldX.
A
-

through 0

Similarly, we get for the southern cell,

BH\Vzdxdy=g§P nzdx=gJandx+gIAnzdx
A B

through D through 0

which can be written as,

Bjj\vzdxdngJ AndeZ—gJandx .
B A

(7.19)

(7.192)

(7.20)

(7.21)

Next, note that since along the separation line the pressure should match, it follows that

11 =12 along AOB. Hence, (7.21) and (7.19a) give,

B”(w1+w)dxdy=0

even though



B.H-\IIHéO andBJ-I\V2¢0 _

Using Bernoulli, it is easy to show that even though the speed and n are zero at A,B and
along the outer boundary they are not zero along A0B!
Finally, it is pointed that the modon is stationary on a 3 plane because the mutual

advection of the two cells induces an eastward drift which is exactly cancelled by the

westward Rossby wave speed.

VIII. Translating modons
We would now like to look at propagating “modons” because numerical models have
shown that modons are not always stationary. They indicate that modons move primarily

in the zonal direction as shown in the figure below,



To understand this, consider again a barotropic patch with a free surface and write

the equations of motions in a moving coordinate system. Namely, a coordinate system

which travels with the patch at speed C (in east-west direction). So, we would like to

transform the equations of motion in a fixed coordinate system:

T"‘ﬁﬁ;‘f‘?ﬁ;—(fo‘f‘B?)Vz—gh;(l)

< V?+ﬁ7;+VV§+(fO+B?)ﬁ=—gh§(2)

oh 0
D2 i+ i
kat+ax(u)+a(V) 0(3)

to a moving system. C, the migration speed in the x direction, is assumed to be constant,

namely, all parcels move at the same speed. Also assume that the feature does not change

its shape and structure with time.

The transformation is:

x=%-CT y 4 a
fixed moving
Y=Yy
t=1 . > . >
~ X
X NNy



where each of the old variables is now a function of all the new variables, i.e.,

Using the chain rule one gets,

-

so that,

[
Il
=i
I
¢

<
Il
<

and (1-3) become,

(u+C)+(u+C)a (u+C)+Vay(u+C) (fo + By)v = — ghy

ov ov ov
Cat @ O g vEy (ot By) (u+ €)= - ghy

8h

~Cot A ~ [hu+0)]+7- (hv) 0,

where,



2|3
2|3
g

since C is uniform for all parcels.

Hence,

— Cux +uuy + Cuy + vuy — (fo + By)v=—g hy

— @vytuvg + @i+ vvy — (fo + By) (u+ C)=—gh,

0
—Chx+(u+C)hx+hux+a—y(hV)=0

and we get the desired equations,

uuy + vuy — (fo + By)v=—ghy

uvx +vvy + (fo + By)(u+C)=——ghy

ax (hw) + 5y (hV) 0

where u,v are now measured relative to the new moving coordinates system.
As before, we now integrate again the momentum equation in the y direction
multiplied by h,

A () + 5 () + (o + By) ub + (6 + By) Ch=F 5 (0)) ()

and define uh=—-vy, ; vh=y,.

Recall that Stokes’ theorem gives,

H(MX—NY)=<P Ndx + Mdy

so that (1) can be written as,

-f hvdx + o huvdy - [ ] fowyaxdy =B [ [ ywydxdy +C [ [ (fy + By)h = (/2) i hdx

or,

ﬂi hv(— vdx +udy) + £ EP ydx



B[S owm-v e [T pynaxy = @2 4 o

\
0

when we define y = 0 along the boundary of the patch.

Since the boundary is a streamline — vdx + udy = 0 and we get,

B[ [ wdxdy+C|[f+By)hdxdy = (22) EP(H+n)2 dx ,

where h=H = 1. For n « H (i.e., rigid lid) we get,

B||wdxdy+C| | (fo+By)h=gH andx

T T T
beta force Coriolis force outside pressure force
I I

We see that with I = I = 0 we recover the stationarity condition and Stern’s (stationary)

modon. However, when the beta force is zero there can still be a Coriolis force balancing

the outside pressure force, i.e., the modon can be moving.

We have shown here with the integrated balance of forces that we can also have

propagating modons (see Mied and Lindemann 1982, JPO) and not only stationary

modons. To understand this more clearly, recall that linear vortices can be superimposed

on each other,



Linear superposition of two vortices of opposite signs. The system drifts to
the left due to the mutually induced speeds.

In the case of the modons, this super-position is imposed on a general Rossby wave
tendency to push any feature westward. We can, therefore, have either a westward

propagating modon or an eastward propagating modon as shown below,



C
<G~

westward propagating Modon

BR2 + induced u'

1 _

Rossby wave

C=BRZ2+U

- C
PV =

eastward propagating Modon
when u' > BR2

C=u-pBR?

A stationary modon (C = 0) will be present only when the eastward movement tendency

is canceled by the westward tendency.

Homework #4:

Plot the trajectories of a circular “cloud” of solid particles on a 3 plane (say, 100 or

1000).

An analytical solution for propagating barotropic modons was derived by Larichev

and Reznick (1978). It can be briefly described as follows:

The quasi-geostrophic vorticity equation with a rigid lid is,



5
5 (CP9) + By + I(y,Py) =0

where J(a,b) = asby —a,by
and x' = x-Ct
T 1
new old

is the transformation from the fixed (no prime) to the moving (prime) system. Note that
the notation here is according to the “Russian way,” i.e., the equations in the moving
system are written in terms of the old variables! The equation can also be written as,
Viy =—K* (y + Cy) - By r<a
Vi =-p’ (y + Cy) - By r>a,
where a is the radius of the modon and
p’=p/C .

The boundary conditions are the continuity of the streamfunction,
VO | oo =0 W+ | g
and velocity,

el _ oy

or l[r=a-0 or ‘r=a+0'

The solution is,
v = [A Ji(kr) —Erz (B+CKk?)]sind;r<a

y=BK, (pr)sing;r>a ,

where
a —Ca
A= T (ka) * BT K (pa)
T )

Bessel function MacDonald function



This has C > 0 solution only, i.e., the feature can only be moving eastward. With a

free surface, however, the solution is,

1‘2 f()2C 2
\yz[AJl(kr)—Ez([M-ﬁJer)}sind) ; r<a
v =BK, (pr)sing ; r>a,

where B =-Ca/K;(pa)

2
A= (B + f;—ﬁ) / K3i(ka) |

Ji' (ka) i(l k_z) k K,' (pa)

and hitka) “kal ' "7 )70 Ki(pa) -

It has the solution:

C>0 or C<—‘B—g2E

f s

implying that the feature can either be moving eastward or westward.

Homework #5:

Plot v and depth contours for the Larichev and Reznick propagating modon:
2 2
fo"C
\VZ[AJl(kr)—iz(BJr—;H+Ck2)}sin¢;r<a ®

v =BK, (pr)sing ; r>0 @



B=
Ca/K,(pa)

A —
~(p+5)/
. k*J,(ka)

p’=
[B + f,*C/gH]/
C




The original note by Larichev and Reznik is reproduced below.

TWO- DI MENSI ONAL ROSSBY SOLI TON:
AN EXACT SOLUTI ON

by V. D. Larichev and G M Reznik

The problem of the physical nechanism that can maintain two-
di rensional solitary eddies is being extensively discussed these
days. The exact solution we suggest here shows that the joint

i nfluence of B-effect and nonlinearity can | ead to two-di nmensional
i sol at ed Rossby waves.

The equation for a stream function corresponding to a plane
notion of uniformfluid on a B-plane is

YL gL 3y, Ay) = O; (1)

J(a,b) = ab, — ab

Xy yox oot

Assuming that vy = ¢y (x — Ut,y), U>0, and using coordinates x' = X
— Ut,y, equation (1) is transforned into

J(y + W, Ay + By) =0 . (2)

We divide the plane x',y into two parts: a circle of radius with

a center at the point x* =y = 0, and an outer region. Let vy
sati sfy the equations

Ay = —k*(y+Uy) — By ifr <a; (3)
and Ay = —p’ (y+Uy) — By ifr>a; (4)
where Kk > 0, p > 0, and r = X'+ y° . In such a case, one can

readily see that the function y satisfies equation (2) in the
whol e pl ane (except perhaps the line r = a).

We require y to decrease as rapidly as the exponential for r —
. It then follows fromequation (4) that

p° = Bl U (5)

(The paraneters k,a are arbitrary for the present.) Using polar

coordinates r,¢ (x' = rcos¢, y = rsin ¢:), we consider the
follow ng class of particular solutions of equations (3) and (4).



\VZ(AJI(KI’)—%(B+UK2)] si ng ifr<a:

v =BK; (pr) siné ifr>a;

where J,, K are the Bessel function of the first kind and the
MacDonal d functi on, respectively. One <can easily deternine
constants A B, requiring Ay to be continuous across a line r = a.
This neans an absence of a vorticity source along that

circunference and can be transforned by use of equations (3) and
(4) into

v o+ W |r =ax0 - 0~ (7
Thus, one can find
A-_Ba . _la
J,(xa) K,( pa)

If we require in addition

Y - v
r |r =a-0 ~ °r [r = at0 (8)
2 2 2
we see that all functions w,j%; :%a :]¥' T—Pf, <2 are continuous
together with pressure gradient across a line r = a. It follows

fromequation (8) that

i_(K_a)_:L(lJ,K_Z)_%ﬁl(ﬁ)_ (9)

J, (xa) Ka Ki(pa)

It is known that

J; (xa) _ 1 20 .2 -1
J, (xa) _1m.+2mi§ («a Y1,n) ’

wher e yl is a growing sequence of zeros of the function r*J(r).
, N

Fromthis and equation (9), one can readily see that for any fixed
a,p, equation (9) has a discrete number of roots k. Thus, the

conditions of equations (7) and (8) are satisfied and therefore
the velocity and pressure fields are continuously differentiated,

3
but the vorticity field is continuous only since :7¥ has a junp at

r =a. It is inportant to notice that because of the finite val ue
of this junp, our solution satisfies equation (2) over the whole
pl ane. Figure 4 schematically shows stream ines (in coordinates x'

= x — U,y), corresponding to mnimm«ka for fixed a, p.



A renmarkable feature of the solution is the rapid decay
proportional to \/LF exp [-Vp/U - r] as r—e. This solution
represents an isolated eddy formation noving in quiescent fluid,
and it is natural therefore to identify it as a two-dinensional
solitary Rosshby wave.

One can show that if B = 0, such a wave (wth an exponenti al
decay) is inpossible. On the other hand, in the linear case of
equations (1) and (2), rapidly decaying solutions without
singularities do not exist. Thus, the existence of a two-
di rensional solitary Rossby wave is a result of the joint

i nfluence of the B-effect and nonlinearity.

Since B > 0 and we need positive p°, equation (5) neans that

the phase velocity U > 0. For U < 0 we have p° < 0, and the
solution does not decay as the exponential (but exists as in the

linear case when —x’ = p° = B/U, giving a decay ~r“%. In other

words, constructed solitary Rossby waves nobve to the east in
contrast with periodic waves, but this linmtation appears in the
“rigid lid” approximation only. In the case of a free surface
case, the vorticity equation has the following form

(v -tEy) + B a(vay) =0, (10)

where g is the acceleration due to gravity, and h is the depth.
Supposing again that yv = y(x — Ut), one can reduce equation (10)
to the sane formas equation (2):

f2U

J(v + Wy, Ay + By) =05 p =B+ G - (11)
It is evident t hat the equation constructed above s

simultaneously a solution of -equation (11) and decays as an
exponential for r — e« if p* = B /U > 0. This last condition
i nposes the following limtation on a phase vel ocity:

u=>2o0 or U<—J3ngn. (12)
0

Thus, solitary Rossby waves can al so nove to the west (U < 0), but
with significant (in the barotropic case) velocity.

A final conclusion about the physical reality of these
solutions can only be nade after consideration of their stability.
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Figure 4. Schematic streamines; isolines of the function

y(x',y) + Uy. (Larichev and Rezni k)

IX. Introduction to the Rossby’s adjustment problem

Consider first a wall pushed horizontally a distance A in a barotropic fluid:

initial wall —final wall T
intaal w osition
position— P @ D
ON IO l
y

a.  Linear momentum:
The x momentum equation is,

du ch

q V= g5 (1)

where h = D + 1. We note, however, that,

d oh
V+a% ; and 8x=0



so that (1) gives,

du d
a fa% +0 )
d

or: G (u—1fy)+0. (3)

Application of (3) to the fluid attached to the wall gives,

AN
—fA=U
for the speed next to the wall.
b. Potential vorticity and geostrophy:
—uw+f £ _ u_
and Nyy — é’z =0.

The solution satisfyingu; > 0 att —owandu, > 0aty — s
u =— A y<0
u =— fAeYRd y>0

where Rdz = gD/f2 )

For completeness, consider now the fully barotropic case.

TZ

<7
y

Here, Ry — o so that u = — fA is the speed everywhere.
With the aid of this simple example we shall now go to the complete adjustment

problem.



X. The classical Rossby adjustment problem

(For a good reference see: Morel, Dynamical Meteorology, 1973.)
Initially (t = 0) there is an unbalanced uniform and unidirectional current

occupying a width 2a as shown below:

®
X Yo

“ R

a<<Ry

«— O —>

For simplicity we take a « Rd, i.e., the current is much narrower than the Rossby radius.
When rotation is “turned on” the entire current is deflected to the right and gravity waves

are generated due to zonal oscillations of the current’s position.

-« —> gravity waves
S e e W7 N N N
t>0 (f—)

\ oscillations

After a period of O(f") a steady state where the current weakens and is displaced to the

right of its original position is established:

z A |

T
X

t- ©® ©®

k /
Nl
counter currents

|

«— O —>




Importance of result: Any unbalanced system will try to reach a geostrophic
balance. Potential vorticity is conserved even if energy is not, provided, of course,
that there is no friction so that energy is lost by other mechanisms (such as gravity

waves).

Homework #6:

Derive the detailed analytical solution for Rossby’s adjustment problem and

calculate the energy loss.

Rossby then extended his barotropic result to a two-layer system with the lower

layer motionless. The final adjusted state looks like,

/ b\
OO ® ®

(p +Ap) 3

For this case, the relationship between the interface level & and the free sea-level
displacement 1 is found from the condition of no-flow (i.e., no pressure gradients) in the

lower layer,



DA
>

H 1 Y
*
¢ (p +4p)
A B
Namely, we use the condition
PA = PB
which gives M+H+E p=E(p+Ap)
A
so that n= _pQ &

Since usually (Ap/p) « I, M« Eandh=n+{+H~H+E.

XI.  Wedge collapse
Consider now the collapse of an infinitely long wedge (created by the removal of

the walls).

1

AH

|

P H
|

(p +Ap)

Since the interface does not move at t = 0 equalization of the outside and inside pressures

at B gives,



(AH+H)p=H(p + Ap)

or, | AH = H (Ap/p)

3

i.e., at point B the pressure inside the wedge is the same as the pressure outside the
wedge. However, at all points above B (say, at A shown below) the pressure inside is

greater than the pressure outside, i.e.,

) H(Ap/p)
T A l —1> T
H S
) : A
l <« ! —T> (pt+ALp)

_ (1 Ap
P A (inside) ~ P Aoutside) = (H o * a) gp—g(p +Ap)a

=HgApta&p—p&a—gApa
=gAp(H-2a)>0

sincea<H.

When f — 0 no force can balance the pressure difference so the fluid is continuously
spreading horizontally. With rotation, however, a steady state with a geostrophic balance

will be reached after a period of O(f™).



(p +4p)

a. How fast is the spreading?
To see how fast the front (i.e., the line corresponding to h = 0) will move

horizontally, consider, for simplicity, a steady propagation without rotation (f= 0).

T N> C
? «B i _/”
H (P) (2 T
l @
C X (p +Ap)
-« -«

Recall that the Bernoulli in 3D is:

1 P
5 (W + v +w)+ o +gz=const along a streamline .

Application to fluid @ along BC gives,

point B point C



| c=+2¢H |.

We see that the speed is the nonlinear internal wave speed. Note, however, that the above
calculation is only an estimate because we have not really shown that the problem has a

steady solution. (It turns out that it does not.)

(Now back to the infinitely long wedge)

b. Governing equations and general solution
We would like to find the final steady state without solving the complete time-
dependent problem. As before, since there is no friction, the conservation of p.v. gives:

f _—u, +f
H(1+Ap/p) h >

but since Ap/p « 1, it can be approximated by,

f —-u +f
e ®
Now geostrophic balance implies,
fu=-gh,. 4)

A
The assumption of no flow in the lower layer gives n = . h

A
Apy

so that ~
gy~ g o

g'hy .
We now take the derivative of (3) with respect to y,
f
HY ™ Uy

and combine with (4) to get,



where Rd = (g'H"%/f) is the Rossby deformation radius.

C. Detailed solution:

. /Rd -y/Rd
The general solutionis:  u=Ae" ~ +Be”

and from (3),

_ A yra, B -y/Rd)
h=H (l—fRde +fRde .

The first “boundary condition” is associated with the symmetry of the problem.

Specifically, we expect the solution to be symmetrical so that h(—y) = h(y), or,

_ A -y/Rd B y/Rd)
= H(l—fRde +fRde

Y/Rd o Y/Rd
E(—A—B)Z Ry (-A-B).

Hence, -A-B=0 ; A=-B.
The second boundary condition is that the cross-section area is conserved, i.e.,

bH=_[yhdy,
0

where v is the current’s width which is to be determined as part of the problem.

Computation of the cross-sectional area gives:

v A B _
bHZI H(l—ﬁdey/Rdemey/Rd)dy
0

A B _ v
:H(y_?ey/Rd_?e y/Rd)

0

©)



A B _ A
:H(y_?ey/Rd_¥e y/Rd)_H(_?_ ):O

— |

bl = [Y B % (/R4 TRy }

o-[r-7(s-5)]

§ = ey/Rd

>

where

Note that this is identical to the condition coming from the conservation of linear

momentum discussed earlier,
d
G u—fy)+0.
The third boundary condition is,

h=0 ; y=v.

A yRd__A yRd_

It gives, 1- R, € Ry 0
A 1
l_fRd(8+6)_0'
1
Therefore, A=1Ry/ (6 + g)
which can be combined with (6) to give,
1]
b= (557
e2}//Rd 1
that = - “vRd . .
so tha b {y Rd(ezy/Rd+l }

For convenience, we nondimensionalize the above relationship to get

b2 Ciaes N o1
Ry Ry eZY/Rd-i-l Y ezy*+l

(6)



Dy
e -1

or F=y*——7F5——

£3 _b*:O.
e+ 1

It is easy to obtain the solution (to this algebraic relationship) graphically as it

corresponds to the intersections of the curves (shown below) with the y axis.

+1.0

w
o
<Y

We saw in this problem that there is a redundancy of some of the conditions that we
used, that adjustment is reached in a period of O(f ') and that, in the presence of
rotation, disturbances move only a distance of the Rossby radius away from their

origination point.

XII. A broad collapse

To better understand the problem, consider now another example for the

redundancy of some of the conditions. Att = 0, a wall is removed as shown.



fI2
le—A—>

<A

(p) wall is removed
att=0

(p +4p)

a. PV and geostrophy

The equations are:

f
—uy+f=hgy

fu=-ghy .
As before, they give uyy — w/R¢ = 0 where R¢* = g'H/f".

b. Solution:

Aefy/Rd

Application of the boundary condition h=0;y =0 to
_ A y/Rd)
h=H (1 + R, Ae

gives A=—-1Ry.

Also, applicaiton of linear momentum conservation
d
-1y +0
gives u=-+/gH ¢ VR4 ; h=H (1 e YRd )

12
so that \VgH=0-fA and A=(gH) /f.



This means that the displacement A is exactly equal to the Rossby radius.

Check now conservation of the volume:

% bay=]" @1-nyay
0 A

A
_[ H (1 _ g YR ) dy = _[ N He YR dy
0 A

IA de—jA He YR dyZJ‘OO He YR dy
0 0 A

o0
HA=-RgH YR

which gives ,

showing a redundancy of the volume conservation constraint with the linear momentum

conservation.

XIII. Collapse of a cylinder

Now, we look at an equivalent process, the collapse of a cylinder.

z
f/2

l

l (Ap/p)D

|

() D
< 21, >
l (p +Ap)

< A




Expect to find an anticyclonic eddy,

SIDE VIEW

First, derive the conservation of angular momentum for an axisymmetric flow. To do so,
use the momentum equation in the 0 direction,

Ovg ,  OVo , VoVr _
6t +Vrar+ r +er_0:(1)

where the velocities are defined by the figure below,

and 0/00=0.

0 0
Recall that Dt ot +v; o +
and multiply (1) by r to get,



2 (e )2 o+ )20
or Al Vot Vig Vet =
which gives:
D fr”
ﬁ(rve+7)+0 . (2)

This is analogous to the one-dimensional linear momentum considered earlier,

D
By (U )=0

Getting back now to the cylindrical collapse problem, for r; « Rg (when Ry* =
¢'D/f*) we immediately find from (2) that

vg =—11/2

because att=0,vg=0andr =0.

0
Now consider the p.v. equation for the final adjusted state, i.e., take 20 & 0 and

v = 0, to get,
%%(We)+f=h%. 3)
The momentum equation is,
Y4 = gh,. @

Assume next that h/D — 0 (i.e., D — o). This assumption is justified when r; « Rq. Note
that this condition is frequently referred to as the zero p.v. case. To see when is this limit

valid, note that conservation of volume implies that

'

H
nr’ D~ ST H.

where H is the maximum depth of the final lens. For D — o, the p.v. equation becomes,

1d
T (o) T£=0



d
o (Vo) =—fr

fr?
Vo =—"5
fr
vo=-7 (4a)

which is identical to the solution obtained earlier using the conservation of angular
momentum.

Now substitute (4a) into the momentum equation to get,

£ fr '
4r ~ 2~ gh
£
Or’ g'hl‘ = — Tr .
1
Integrate in r to get, gh=H- KN
1
o1, h = H — 8 g, ,

where, as before, H is the central depth of the eddy. The radius of the eddy corresponds

toh=0, i.e.,

R=+/8 gH/f=2/2 Ry,
where Rqe = (g'H)"#/f is now defined on the basis of maximum depth at the center.

Now, if D ~ h, namely the cylinder is not infinitely deep, then,

1d hf

rar =g (5)
Y dh
and ot =gy, (6)

—_— —



since I/II ~ O(Ry) which at times can be assumed to be small, we may try to use the

approximation:

which gives

rdr r D

th+ 1dh h D
or, dr Trdr R&TRE
where Rq=(g'D)"/f, ,

i.e., the Rossby radius is defined again on the basis of the initial depth.

Now define r' = 1/Rg,

1 dh .1 _dn h D
R&dr)’ T Rirdr T Re T Ry

7=0.

and multiply by (')’ to get,

dh  dh
(Y gz +1'ge—(h-D) ()’ =0.

Note that h=h,+hy ,
where h;, is the particular solution and hy is the homogeneous solution.

We immediately see that the particular solution is,

so that the equation for the homogeneous solution is,



d’h dh
(') Tr.;{z +1 d_rl'{_ hy (') =0.

dy d
This is like the Bessel equation:  x° &% +x a% —(p*+x)y=0

with p = 0.

The solution is,

hH =A Io (I'/ Rd) +B Ko (I'/ Rd)
T

rV

where A, B are constants to be determined from the boundary conditions.

Here, I — modified Bessel function of the first kind

K — modified Bessel function of the second kind

We won’t need the complete definition of Ky because Ky = — log(r/Ry) for r/Rg — 0,
implying that B = 0.

The total solution is now,

h=hy+h,=Al (/Rg) + D .

Since h =0 at, say, r =R,

h:O:D+Alo(R0/Rd)

_ D
A="T(Ro/Rq)

so that the solution is:
h=D|:1 Io!l‘/Rd! j| ’

~ To(R/Ry)

showing that h <D at r = 0 as illustrated below,



vy

H D I
a r
The tangential velocity vy is,
—gdh
VO© f dr
gH d

Vo = — ro(MRd) a [ Io (I‘/Rd) ]

. g'HIlgr/Rd) . R Ilgr/Rd!
" TRofIo(R/Rg) — |~ T9Io(R/Ra)

where we have used the identity

(%X [Ih (0x)] = alj(ax).

The velocity profile looks like,

V/fRy 4

>

R/IRy4=3 =

RIRy =1

Typically, Ap/p~2x107° ; H~500m



f~10%sec™ ; Rg~30km

so that v ~ O(afRyg) ~ (10™ x 30,000) ~ 3 m/sec

:

But the solution breaks down at h = 0 (along the edge) because there,

1d
?a(rve)+f=0

so that vg =—11/2
r=R
2
\Y 1
and —3 ~5 fvg ,

implying that the geostrophic approximation is not accurate along the rim.



